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Evaluating the Magneti Field Strength in Moleular CloudsMartin Houdehoude�astro.uwo.aDepartment of Physis and Astronomy, University of Western Ontario, London, Ontario,N6A 3K7, CanadaCalteh Submillimeter Observatory, 111 Nowelo Street, Hilo, HI 96720AbstratWe disuss an extension to the Chandrasekhar-Fermi method for the eval-uation of the mean magneti �eld strength in moleular louds to ases wherethe spatial orientation of the �eld is known. We apply the results to M17, usingpreviously published data.Subjet headings: ISM: louds � ISM: individual (M17) � ISM: magneti �elds� polarization 1. IntrodutionThere exist few tehniques that allow for the measurement of quantities that haraterizethe magneti �eld in moleular louds. At millimeter and submillimeter wavelengths, theorientation of the magneti �eld is most ommonly traed using polarimetry measurementsfrom dust ontinuum emission (Hildebrand 1988). The strength of the magneti �eld (ingeneral, its line-of-sight omponent) an only be diretly measured via the Zeeman e�et(e.g., Cruther et al. (1999); Brogan & Troland (2001)), usually at longer wavelengths. Inorder to gather as muh information as possible about the magneti �eld, the so-alledChandrasekhar Fermi (CF) method (Chandrasekhar & Fermi 1953) is often used to infer thestrength of the plane-of-the-sky omponent of the �eld. Beause this is ahieved with thesame polarimetry data that give the orientation of the sky-projeted magneti �eld, the CFmethod an at as a bridge between the polarimetry and Zeeman observations to provide anestimate for the magnitude of the mean �eld strength in a given loud.In this paper, we disuss how a simple extension of the CF method an be used alone,i.e., without the need of Zeeman data, to infer the magnitude of the magneti �eld; notonly the strength of its plane-of-the-sky omponent. Furthermore, it will also be shown



� 2 �that, ontrary to the original CF method whih only really works well when the magneti�eld is loated lose enough to the plane of the sky, our generalization is valid regardlessof the �eld's orientation in spae. However, this an only be aomplished if and when thespatial orientation of the magneti �eld is known. That is to say, not only the orientation ofits projetion on the plane of the sky is needed (from polarimetry), but also its inlinationto the line of sight. This last piee of information an be obtained through the tehniqueof Houde et al. (2002) whih relies on the availability of spetrosopi measurements fromsuitable neutral and ioni moleular speies, as well as polarimetry.Finally, we apply our extension to the CF method to already published data for theM17 moleular loud (Houde et al. 2002), and infer a value for the magnitude of the meanmagneti �eld for this objet. 2. The CF equationIt was originally asserted by Chandrasekhar & Fermi (1953) that the amount of disper-sion of the polarization angles measured from starlight (or dust ontinuum radiation) anreveal information about the magnitude of the magneti �eld. With the assumption thatthe magneti �eld is frozen to the ambient �uid, any (turbulent) motion within the gas in adiretion perpendiular to the orientation of the magneti �eld will be transmitted to, anddistort, the �eld lines. Chandrasekhar & Fermi (1953) further assumed that suh distur-banes would propagate as waves along the magneti �eld lines at the Alfvén speed, whihthey used as the starting point for their analysis. It follows that sine dust grains are thoughtto be tied to the magneti �eld lines (Moushovias & Ciolek 1999), the amount of distortionin the �eld lines an be inferred from polarimetry. Similarly, the turbulent motion of the gasan be measured through the spetral line pro�les of moleular speies, for example. Thesetwo observed quantities are needed to evaluate the strength of the magneti �eld throughthe CF method.Following, therefore, the original derivation of Chandrasekhar & Fermi (1953), we anwrite an equation for the mean value of the magneti �eld B as
B =

√

4πρ
σ (v⊥)

σ (φ)
, (1)where ρ and σ (v⊥) are, respetively, the mass density and the two-dimensional veloitydispersion (perpendiular to the �eld lines) of the matter oupled to the magneti �eld.

σ (φ) is the dispersion in angular deviations of the �eld lines. Equation (1) is valid in the



� 3 �small angle limit.In their estimation of the magneti �eld strength in the spiral arms Chandrasekhar & Fermi(1953), identi�ed σ (φ) with the dispersion in the orientation of the polarization vetorsmeasured for distant bakground stars. Using the oordinate system of Figure 1 to de�nethe spatial orientation of the magneti �eld, with α the inlination angle of the �eld to theline of sight, and β the angle made by its projetion on the plane of the sky, we �nd, for thease originally onsidered by Chandrasekhar & Fermi (1953), that
σ (φ) = σ (β) . (2)However, observations of this type probe only one diretion in the lateral displaement ofthe magneti �eld line. We must, therefore, make the following substitution for the veloitydispersion

σ (v⊥) → 1√
2
σ (v⊥) =

1√
3
σ (v) , (3)where σ (v) is the total three-dimensional veloity dispersion of the gas (for ases of isotropiturbulene). Inserting equations (2) and (3) in equation (1) we obtain the original equationderived by Chandrasekhar & Fermi (1953)

Bpos =

√

4

3
πρ

σ (v)

σ (β)
, (4)where Bpos is the plane-of-the-sky omponent of the magneti �eld (more on this below).Equation (4) is often used to measure the mean strength of the plane-of-the-sky om-ponent of the magneti �eld in moleular louds (e.g., Lai, Girart, & Cruther (2003)). Ithas also been tested with magnetohydrodynami (MHD) simulations to verify its domainof appliability (Ostriker, Stone, & Gammie 2001; Padoan et al. 2001; Heitsh et al. 2001;Kudoh & Basu 2003). Although the CF method has been found to work well for strongenough magneti �eld, it also su�ers from some shortomings. Among these, is the fat thatthe equation (4) only really applies well when the magneti �eld is loated lose enough tothe plane of the sky. In fat, the method will fail when the �eld is aligned parallel to theline of sight (α = 0 in Figure 1).



� 4 �2.1. An extension to the CF methodIt would be desirable to extend the CF method to ases where the magneti �eld isarbitrarily oriented in spae. This, however, requires that observations an be made tomeasure not only β (the angle made by the projetion of the magneti �eld on the plane ofthe sky), but also α (the inlination angle of the �eld to the line of sight). Some methodshave already been proposed to do suh measurements. Myers & Goodman (1991) (see alsoBourke & Goodman (2004)) modeled the magneti �eld in moleular louds with uniformand nonuniform omponents, and through a statistial analysis were able to evaluate thespatial orientation (i.e., they inferred α and β) for the mean three-dimensional uniform �eld.More reently, Houde et al. (2002) have proposed a tehnique that ombines polarimetryand ion-to-neutral line width ratio measurements (Houde et al. 2000a,b) to map the spatialorientation of the magneti �eld aross moleular louds. This method has been used so farfor three di�erent objets: M17 (Houde et al. 2002), DR 21(OH) (Lai, Velusamy, & Langer2003), and Orion A (Houde et al. 2004).One α and β are mapped aross a given moleular loud, the angular dispersions σ (α)and σ (β) an be alulated from the measured data. It is easy to show that, in the smallangle limit, the total angular dispersion of the magneti �eld lines σ (φ) is given by
σ2 (φ) = σ2 (α) + sin2 (α) σ2 (β) . (5)Equation (5) takes into aount not only the inlination of the magneti �eld, but alsoangular deviations along two independent diretions perpendiular to the �eld orientation.Beause of this last point, the veloity dispersion will be √2 times larger than what is usedin the original CF method equation (4). That is to say, we will now either use the two-dimensional veloity dispersion σ (v⊥), de�ne after equation (1), or its equivalent expressedas a funtion of σ (v) if the turbulene is isotropi

σ (v⊥) =

√

2

3
σ (v) . (6)Using equations (5) and (6), we an now write a generalized CF equation from (1)

B = C

[

4πρσ2 (v⊥)

σ2 (α) + sin2 (α)σ2 (β)

]
1

2

, (7)or if the turbulene is isotropi



� 5 �
B = C

[

8πρσ2 (v)

3
[

σ2 (α) + sin2 (α)σ2 (β)
]

]
1

2

. (8)In both equations (7) and (8) we have added a orretion fator C (�rst introduedby Ostriker, Stone, & Gammie (2001)) to take into aount some shortomings of the CFmethod to be disussed later. It is now easy to see how equation (8) an be redued to onefor the plane-of-the-sky omponent of the magneti �eld Bpos (i.e., equation (4)) when onlypolarization measurements are available. In this ase, for a su�iently large set of data weexpet (as long as α 6= 0)
σ2 (α) = sin2 (α)σ2 (β) ,and
σ2 (φ) = 2 sin2 (α) σ2 (β) .We an write
Bpos = B sin (α)

=

√

4

3
πρ

σ (v)

σ (β)
,whih is the same as equation (4).We an, therefore, emphasize two important advantages of the modi�ed CF equation(7) (or (8)) over the original:

• the new equation is valid no matter what the orientation of the magneti �eld is. Mostnotably, the method does not fail when the �eld is direted along the line of sight.
• Finally, the value for the magneti �eld alulated with equation (7) is not that ofits plane-of-the-sky omponent, but that of full magnitude of the mean magneti �eldvetor.



� 6 �2.2. Shortomings of the methodAs mentioned earlier, MHD simulations have already been used in the past (Ostriker,Stone, & Gammie 2001; Padoan et al. 2001; Heitsh et al. 2001; Kudoh & Basu 2003) to testthe validity of the original CF method (equation (4)). The main onlusion of these studieswas that the introdution of a orretion fator (C in equations (7) and (8)) is needed whenevaluating Bpos. A orretion of C ∼ 0.5 was deemed appropriate in most ases when the�eld is not too weak. A few reasons are usually identi�ed for this. For example:1. Smoothing of the �eld: beause of the �nite resolution with whih observations aredone, there will be an averaging of the angular struture of the �eld. This will bringa derease of the angular dispersion σ (φ), and an overestimation of the �eld strength(Ostriker, Stone, & Gammie 2001).2. Similarly, line-of-sight averaging (independent of the angular resolution of the obser-vations) of the magneti �eld will derease σ (φ) (Myers & Goodman 1991).3. Inhomogeneity and omplex density strutures (e.g., lumpiness) also tend to reduethe value of C (Zweibel 1990; Ostriker, Stone, & Gammie 2001).We also add to the previous points one more aspet that should be kept in mind whenapplying the CF method.In the ase of highly turbulent and massive moleular louds (like in the example onsid-ered in the next setion), it has been observed that there an exist signi�ant veloity driftsbetween oexistent neutral and ioni moleular speies. This an be asertained through theomparison of the observed line pro�les for the two types of speies, the ions onsistently ex-hibiting narrower spetral line widths (Houde et al. 2000a,b, 2002; Lai, Velusamy, & Langer2003; Houde et al. 2004). This implies that the oupling between ions and neutrals is notperfet (Houde et al. 2002). Within the ontext of the CF method, this bring about uner-tainties in two of the quantities used when evaluating the magneti �eld strength. Indeed,beause of this imperfet oupling between ions and neutrals, the mass density ρ used in theCF equation annot be that of (larger) neutral density. It must be somewhat smaller. Fur-thermore, beause of the aforementioned veloity drift, the veloity dispersion perpendiularto the �eld lines σ (v⊥) (or σ (v)) annot be that measured for a neutral moleular speies.It must also be smaller. The ombination of these fators will also tend to redue the valueof C (in equations (7) or (8)), at least when the CF method is applied to highly turbulentand massive moleular louds.



� 7 �We leave the quanti�ation of these e�ets as open questions that ould, perhaps, beinvestigated through simulations.3. Appliation of the extended CF method to M17Using their aforementioned tehnique, Houde et al. (2002) measured the spatial orien-tation of the magneti �eld at 57 di�erent positions aross the M17 moleular louds. Thiswas aomplished using extensive 350 µm dust ontinuum polarimetry and spetrosopy(HCO+/HCN) maps obtained at the Calteh Submillimeter Observatory. We now use theirresults to alulate mean magneti �eld strength for M17, using equation (7)1.From the analysis of Houde et al. (2002) we �nd the following averages for M17:
α ≃ 47.1◦,

σ (α) ≃ 10.8◦,

β ≃ 76.1◦,

σ (β) ≃ 16.7◦

σ (φ) ≃ 16.3◦,

σ (v⊥) ≃ 2.0 km/s.The transverse veloity dispersion was evaluated from the HCN spetra, taking intoaount the (anisotropi) turbulent �ow model used by Houde et al. (2002) (see their Figure2, and equation (11)), and the fat that the inlination angle is known2. Upon using equation(7) with C = 0.5, an approximate value of 106 m−3 for the mean density, and a meanmoleular mass of 2.3, we �nd
B ≈ 2.5 mG.1The values for α and β used here are slightly di�erent from those presented in Houde et al. (2002). Weuse a maximum polarization level of 10%, instead of 7% as was used in their original analysis. See Houde etal. (2004) for more details.2Within the ontext of the anisotropi turbulent model of Houde et al. (2002), a value for σ (v⊥) at eahposition an be obtained from the orresponding observed spetral line width σobs (v). It an be shownthat σ2 (v⊥) = σ2

obs
(v) f/

[

e cos2 (α) + f/2 sin2 (α)
], where e and f are given in their equation (11) with

∆θ = 44.4◦.



� 8 �This value for the magnitude of the magneti �eld ould be further redued if theorretion fator C were found to be smaller than the stated value (beause of the e�etsdisussed in setion 2.2), or again if the average density aross the maps were less thanwhat was assumed here. However, this �eld strength may not be too exessive in light ofthe fat that Brogan & Troland (2001) obtained a peak value of −750 µG for the line-of-sight omponent of the magneti �eld in M17, using HI Zeeman measurements. For, onethe inlination angle quoted above is taken into aount, we alulate from their data a �eldmagnitude in exess of 1 mG. Our moleular speies (i.e., HCN and HCO+, in the J = 4 → 3transition) probe denser media whih ould harbor stronger �elds.It is also interesting to note that
σ (α) ∼ sin (α) σ (β) = 12.2◦,as would be expeted for a large enough data set.Finally, we would like to state that the extension to the CF method presented in thispaper should be readily testable through MHD simulations, as was done in the past for theoriginal CF tehnique (Ostriker, Stone, & Gammie 2001; Padoan et al. 2001; Heitsh et al.2001; Kudoh & Basu 2003).The author thanks T.G. Phillips, R. Peng, and S. Basu for helpful disussions. TheCalteh Submillimeter Observatory is funded by the NSF through ontrat AST 99-80846.REFERENCESBourke, T. L., and Goodman, A. A. 2004, arXiv:astro-ph/0401281Brogan, C. L., and Troland, T. H. 2001, ApJ, 560, 821Chandrasekhar, S., and Fermi, E. 1953, ApJ, 118, 113Cruther, R. M., Troland, T. H., Lazare�, B., Paubert, G., and Kazès, I. 1999, ApJ, 514,L121Heitsh, F., Zweibel, E. G., Ma Low, M.-M., Li, P., and Norman, M. L. 2001, ApJ, 561,800Hildebrand, R. H. 1988, QJRAS, 29, 327
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Fig. 1.� The spatial orientation of the magneti �eld is de�ned with the two angles α and
β. The N, E, and LOS axes stand for north, east, and line of sight, respetively. From Houdeet al. (2002).


